Abstract. We give three constructions of a vertex-minimal triangulation of 4-dimensional real projective space RP 4 . The first construction describes a 4-dimensional sphere on 32 vertices, which is a double cover of a triangulated RP 4 and has a large amount of symmetry. The second and third constructions illustrate approaches to improving the known number of vertices needed to triangulate n-dimensional real projective space. All three constructions deliver the same combinatorial manifold, which is also the same as the only known 16-vertex triangulation of RP 4 . We also give a short, simple construction of the 22-point Witt design, which is closely related to the complex we construct.
Introduction
How many vertices does it take to (simplicially) triangulate real projective nspace, RP n ? It is well known that the answer is 6 when n = 2, with the triangulation realized as the antipodal quotient of the icosahedron. In 1969, D.W. Walkup proved that a vertex-minimal triangulation of RP 3 requires 11 vertices, and described all such triangulations [11] . P. Arnoux and A. Marin, in 1991, proved that the minimum number of vertices needed to triangulate RP n , n ≥ 3, is at least n+2 2 + 1 [1] . In 1987, W. Kühnel gave a triangulation of RP n using 2 n+1 − 1 vertices, which takes the barycentric subdivision of the boundary of the n+1-simplex and quotients it by an antipodal map [8] . The Kühnel construction gives the only known explicit triangulations of RP n for n > 5. For a survey of these and other results on minimal triangulations, and also all relevant definitions, see [6] .
The BISTELLAR program of F.H. Lutz uses a heuristic search algorithm to reduce the f -vector of a given complex using bistellar flips [3, 9] . Among the several combinatorial manifolds found by this program was a 16-vertex triangulation of RP 4 , called RP 4 16 as the quotient of a triangulated 4-sphere on 32 vertices. In order for such a construction to be possible, the S 4 we construct needs to be antipodal. We say that a simplicial complex K is antipodal if it is invariant under an involution σ such that the (graph) distance between vertices v and σ(v) in the 1-skeleton of K is at least 3. In particular, the links of v and σ(v) are disjoint, and isomorphic to the link of v in the quotient complex K/ σ . If K is a combinatorial manifold, then it follows that K/ σ is also a combinatorial manifold. We call σ the antipodal map. To be precise, when we refer to an antipodal complex, we are implicitly refering to a pair (K, σ). It is clear that an antipodal complex is centrally symmetric. The action of σ is called a proper action.
Construction 1 describes RP
We also point out a connection between the triangulated RP 4 of Construction 1, and the Witt design on 22 points, W 22 . We describe a construction of this design which is very close to our construction of RP 4 16 . Our construction of W 22 is short and elementary, and does not seem to appear in the literature.
Our first construction, though it exposits the remarkable symmetries of RP 4 16 , is not very encouraging as a model for analogous constructions in higher dimensions. We give two more constructions which are more promising in this direction. These constructions view RP 4 as a 4-dimensional ball with antipodal simplices on its boundary identified. We start with a suitable convex 4-polytope, and place it inside its dual, and triangulate the regions thus formed, till we get a 3-sphere on the boundary, which we can glue to itself to give an RP 4 . Our second and third constructions follow this strategy, starting from a 16-cell and a suspended cube respectively. We also describe a way of looking at Walkup's RP 3 11 and even RP 2 6 as 3 and 2-dimensional analogues of our constructions. Both these constructions give the same complex as the first. A simple observation about the automorphism groups of these complexes allows us to identify all three constructions with each other. This supports the conjectured uniqueness of RP 
First construction and combinatorial properties
We construct RP 4 16 by starting with a 5-simplex and transforming it to an antipodal S 4 on 32 vertices, by successive transformations. Construction 1. Let ∆ 5 denote the standard 5-simplex in R 6 . Let e i , 1 ≤ i ≤ 6 denote the i th elementary vector. The set V 1 = {e i |1 ≤ i ≤ 6} is the vertex set of ∆ 5 . The boundary of ∆ 5 is a triangulated 4-sphere on these six vertices, and each of its facets is a 4-simplex containing five elements of V 1 . Call this complex X 6 . Let 1 = 6 i=1 e i . Then the barycenter of the facet ∆ i with vertex set V 1 \ e i of X 6 is the point
, where 1 ≤ i ≤ 6. Call the set of these points V 5 . Introducing these points allows us to subdivide each facet of X 6 as the union of five 4-simplices, by replacing ∆ i with the cone over each of its tetrahedra at the point 1 5 (1 − e i ). This gives a 12-vertex triangulated S 4 with vertex set V 1 ∪ V 5 . The facets of this complex are all the 4-simplices of the form [e i , e j , e k , e l , Let 
We take the join of (1 − e m ) with each of these tetrahedra to obtain a decomposition of the facet. This gives us a triangulated S 4 on 32 vertices, X 32 , with three kinds of facets, containing two, three, and four vertices of V 3 respectively. The vertex set V 1 ∪ V 3 ∪ V 5 of X 32 suggests a natural choice of antipodal map, the one that swaps e i with 1 5 (1 − e i ) and 1 3 (e i + e j + e k ) with 1 3 (1 − e i − e j − e k ). In order to obtain an antipodal complex from X 32 , we need to transform the complex to one that is invariant under the above map, and also separate antipodal vertices, till they are far enough apart. We do this using bistellar flips.
In X 32 , any two vertices of V 1 form an edge, but no two vertices of V 5 do. Also, any vertex in V 1 is adjacent to any vertex in V 5 other than its antipode. By separating each of the edges within V 1 , we can reduce the asymmetry of the complex, and also increase the distance between would-be antipodal pairs in V 1 ∪V 5 . To achieve this, first note that each edge [e i , e j ] is contained in four triangles of the form [e i , e j , If, in the above construction, we deform the 5-simplex to choose the elements of V 3 and V 5 to be of the form e i + e j + e k and 1 − e i respectively, the antipodal map is just x → 1 − x on V 1 ∪ V 3 ∪ V 5 , which also acts on the analogous geometric carrier of the complex above. This gives a closer analogy to the usual geometric notion of the antipodal map on S n . It is clear from the above construction that the triangulated RP 4 we constructed is invariant under the action of S 6 on {e 1 , . . . , e 6 }. The action induced on the vertex set of this complex splits the vertices into two orbits, of size 6 and 10, corresponding to the quotients of V 1 ∪ V 5 and V 3 respectively. We refer to this group of automorphisms asS, and it splits the 150 facets of this complex into two orbits, of size 30 and 120.
A quick comparison of the orbit representatives shows that the complex we have constructed is the same as the complex RP in Construction 1 is as follows. Label the vertices of the complete graph K 6 with the points of the 6-vertex orbit underS. Now the remaining ten vertices correspond to the ten pairs of disjoint triangles, or bisections, in K 6 . We use these points to label the edges of K 6 as follows. Each edge is contained in four triangles, each of which is in turn contained in exactly one bisection. Give each edge a label consisting of the four bisections it is contained in. Henceforth, when we refer to K 6 , we mean the K 6 labelled thus. We denote the set of elements of the 6-vertex orbit by {A, . . . , F }, and that of the 10-vertex orbit by {0, . . . , 9}. See Figure 2 . Now the smallS-orbit of the set of facets can be read off Figure 2 as a vertexedge pair (v, e) of K 6 , where v ∈ {A, . . . , F } and e is an edge-label of size 4. Thẽ S-orbit of size 120 is given by a triple (v 
. . , F }, and e(u, v) denotes the 4-label of the edge between u and v. The correspondence between the facets of S 4 32 listed above and the facets read off K 6 above is straightforward.
It is fruitful to consider the properties of K 6 and its labels, from the point of view of combinatorial designs. Recall
where V is a of size v, whose elements are called points, and B is a set of k-subsets of V called blocks, such that any t-subset of V is contained in exactly λ elements of B.
Let V (for vertices) denote the set {A, . . . , F }, and B (for bisections) denote the set {0, . . . , 9}. Let E denote the set of fifteen edge-labels of K 6 .
Our first observation is that (B, E) a quasi-symmetric 2 − (10, 4, 2) design. To see that this is a 2-design with λ = 2, note that any pair of distinct bisections intersect in exactly two edges. To see that this design is quasi-symmetric, or that distinct blocks have two possible intersection sizes, namely 1 and 2, first note that the vertex-set of a pair of adjacent edges in K 6 forms a triangle, so is contained in a unique bisection, so their labels intersect in one element, the bisection containing the triangle formed by their edges. Now if two edges are not adjacent, they are contained in exactly two bisections, and their labels intersect in those two bisections.
1 Also note that this design naturally extends to a 2 − (16, 6, 2) design, with point-set V ∪ B, and block-set E := {{u, v} ∪ e(u, v)|u, v ∈ V} ∪ {V}. This design is also symmetric, as the number of blocks is the same as the number of points, and any two blocks intersect in λ = 2 points.
Further, recall that a perfect matching or 1-factor of a graph is a partition (if it exists) of its vertex set, into edges of the graph, and that being a complete graph on an even number of vertices, K 6 has perfect matchings, which we henceforth simply call matchings. Every edge of K 6 is contained in exactly three matchings. The number of matchings in K 6 is 6! 2!2!2!3! = 15. The three pairwise disjoint edges in any matching have labels which intersect pairwise in two elements of B each. But the bisections containing one pair of disjoint edges do not contain the third of these edges. So the union of three elements of E in a given matching is a subset of B of size 6. So we can label each matching by the four elements of B not in the labels of any of its three edges. The set M (for matching) of these 4-labels is the block set of another quasi-symmetric 2 − (10, 4, 2) design, whose blocks intersect in one point if the corresponding matchings are disjoint and in two points if the matchings intersect in an edge. To see that (B, M) is a 2-design, note that deleting a pair of bisections from K 6 leaves the disjoint union of an edge and a 4-cycle, which contains exactly two matchings. Also, to see that the intersection sizes are 2 and 1, note that the union of a pair of intersecting matchings is the disjoint union of an edge and a 4-cycle, the complement of a pair of bisections, and that the union of two disjoint matchings is a hexagon, whose complement in K 6 contains exactly one bisection.
We introduce one final set of objects, the 1-factorizations of K 6 . Recall that a 1-factorization of a graph is a partition of its edge-set, where each block in the partition is a matching of the graph. The graph K 6 has 1-factorizations, which can be thought of as 5-edge-colourings where the matchings are the colour-classes. We can count the number of 1-factorizations of K 6 as follows. The edge {A, B} is in three possible matchings. Now consider the matching containing the edge {A, C}. The edge containing B in this matching cannot contain the vertex that was joined to C in the first matching. So we have two choices for the edge containing B. Now without loss of generality suppose the first matching is {{A, B}, {C, D}, {E, F }} and the second is {{A, C}, {B, E}, {D, F }}. Then the matching containing {A, D} has to be {{A, D}, {B, F }, {C, E}}. This fixes the remaining two matchings as {{A, E}, {B, D}, {C, F }} and {{A, F }, {B, C}, {D, E}}. So we have 3 × 2 = 6 choices for the first two matchings, which fix the remaining three. So K 6 has six 1-factorizations. We label these from the set {U, V, . . . , Z} = F (for factorization).
We saw that any matching is contained in exactly two 1-factorizations, and that any two disjoint matchings determine a unique 1-factorization. Now since any two 1-factorizations can have at most one matching in common, and there are fifteen pairs of 1-factorizations, any two 1-factorizations, say f, g intersect in a unique matching m(f, g). This gives an extension of the design (B, M) to a symmetric 2 − (16, 6, 2) design (B ∪ F , M), where M = {{f, g} ∪ m(f, g)|f, g ∈ F } ∪ {F }.
This can be represented by a "dual K 6 ", K * 6 with vertices labelled by F and edges labelled by the elements of M, with m(f, g) labelling the edge joining f and 1 This also shows thatS is the full automorphism group of RP 4 16 . Counting the number of facets containing each vertex in V and B, we see that the full automorphism group G preserves these orbits. But if G >S ≃ S 6 , then G can not act faithfully on V, so there exists g ∈ G \S which fixes each block of E. Then g also fixes the intersections of these blocks, which implies g fixes B pointwise. A contradiction. g. Figure 3 illustrates the two copies of K 6 with their edges labelled by the elements of B.
Given any two bisections b, b ′ , each triangle in b intersects one triangle in b ′ in an edge e. This gives a partition of V into two edges and two points. The edges each correspond to the intersections of two triangles, one from b and one from b ′ . The two points left over determine a third edge disjoint from the other two. Moreover, this edge, as a 4-set in E contains neither b nor b ′ . Also, since the pair b, b ′ is contained in the labels of the other two edges, the 4-label in M of the 1−factor m composed of the three edges above is disjoint from {b, b ′ }. Since e ∈ m, the 4-labels of e and m are disjoint.
Similarly, given an incident edge-1−factor pair (e, m), their 4-labels are disjoint, and subtracting the union of these 4-labels from B leaves two bisections such that the triangles of one intersects the triangles of the other in the two edges of f \ e. So we have a correspondence between pairs of bisections and incident edge-1−factor pairs of K 6 .
We are now ready to describe the 22-point Witt design, the unique 2 − (22, 6, 1) design independently constructed by R.D. Carmichael and E. Witt in the 1930s. To be accurate, we construct a 3 − (22, 6, 1) design, and make no claims as to its uniqueness. See, for example, [4] for a proof of the uniqueness of W 22 . For our point set, we take V ∪ B ∪ F . The blocks are of three types. The first two sets of blocks are E and M, the block-sets of the two 2 − (16, 6, 2) designs we described earlier.
The third set of blocks is obtained as follows. For any incident edge-matching pair (e, m) in K 6 , let v, v ′ ∈ V be the vertices that make up e, and let f, f ′ ∈ F be the 1-factorizations that intersect in m. Let e and m be the 4-sets corresponding to e and m in E and M respectively. Now for each of the 45 incident pairs (e, m), we take the block {v,
). Call the set of such blocks EM. Proof. There are 77 blocks, each of size 6. As there are 22 points, and since , it is enough to show that every 3-subset of the point set appears in some block.
Consider the 3-subsets of V ∪ B ∪ F . As V and F are themselves blocks, any 3-subset of either is in a block. There are 10 3 = 120 subsets of B of size 3. Consider the 3-subsets of E or M. If we can show that no two sets of these forms have a 3-subset in common, it will follow that there are 2 × 15 × 4 = 120 such sets, and that every 3-subset of B is in exactly one block. Two elements of E intersect in at most two points of B. Similarly, two elements of M intersect in at most two points of B. Now consider the intersection of an element e ∈ E with m ∈ M. If the corresponding edge and matching of K 6 are incident, they do not intersect at all. Otherwise, the edge corresponding to e has its vertices in two (disjoint) edges of m, say uu ′ and vv ′ ⊂ V. (We write a set as a string from here on, for convenience and brevity.) Now since the labels of incident edges have one element in common, |e(u, v) ∩ e(u, u
Since the labels of the third edge in the matching corresponding to m are contained in e(u, u
So all the 3-subsets of the 4-labels of edges and matchings are distinct, and there are 120 such sets, so each 3-subset of B is in exactly one block. Now consider a 3-set consisting of two elements of V and one element of F , say vv ′ f . Since f contains exactly one matching containing the edge vv ′ , this 3-set is contained in exactly one block of EM. Similarly, given a 3-set of the form vf f ′ , the 1-factorizations f and f ′ intersect in a unique matching, which is a partition of the vertex set of K 6 . So vf f ′ is in exactly one element of EM. Similarly
, then it is an element of a 4-label of two of the edges in the matching m that f and f ′ intersect in. Let e be the third edge of this matching. Then f f ′ b is in the block of EM corresponding to (e, m). Now if a 3-set is of the form vbb ′ , we have two possibilities. Consider the two blocks of E containing bb ′ . If v is in either of the corresponding edges of K 6 , then vbb ′ is in E. The two vertices not in either of these edges, form the third edge of the matching containing the two edges whose labels contain bb ′ . So if v is on this edge, vbb ′ is in a block of EM. Similarly a 3-set of the form f bb ′ is in a block of either M or EM.
The only remaining type of 3-set is of the form vf b. These can only be contained in blocks of EM. Now there are 45 blocks in EM, each corresponding to a pair of elements in B. So each element b of B is in nine blocks of EM. corresponding to the nine edges of K 6 not labelled by b. Let v ∈ V and let the bisection of K 6 corresponding to b be vv ′ v ′′ , uu ′ u ′′ . Then v ∈ V is in three edges whose labels do not contain b, each of which determine exactly one matching whose label does not contain b. All three matchings intersect in the edge v ′ v ′′ . Since a 1-factorization is a partition of the edge set of K 6 , no 1-factorization contains more than one of these matchings. So the pairs of 1-factors which intersect to give each of these matchings partition the vertex set of K * 6 . In other words, the two elements of F in each of the three blocks of EM containing a pair vb are all distinct. So any triple vf b is in a block of EM. This completes the proof.
The arguments above also illustrate the duality between K 6 and K * 6 . All properties of the vertices and edges of K 6 have analogues in its 1-factorizations and matchings, or the vertices and edges of K * 6 . Applying the dual construction on K * 6 simply recovers K 6 . Let S ′ 6 be the group of permutations of F induced by the permutation group S 6 of V via permutations of B. The actions of S 6 and S ′ 6 on V and F respectively are dual or non-conjugate to each other, i.e., there is no one-to-one map between the elements of these two sets which send either group to the other. Abstractly, any isomorphism between these two sets corresponds to an outer automorphism of S 6 . See [5, Chapter 6] for a more thorough treatment.
The reader familiar with the Witt designs and their automorphism groups will recognise that our description of W 22 can be recovered from its usual forms by fixing any pair of its disjoint blocks and mapping it to (V, F ). The ten remaining points correspond exactly to (3, 3)-partitions of V, and also of F .
We also remark that the connection between the 16-vertex RP 4 we constructed earlier and this 3-design is not simply restricted to the 2 − (16, 6, 2) design (V ∪ B, E).TheS-orbit of the facets of our RP 
is contained in a block of EM. Also if we take the blocks of W 22 and delete the elements of one block from all the others, the remaining blocks split into a set of sixteen blocks of size 6, and sixty blocks of size 4. The set B 6 with sixteen blocks of size 6 form the block-set of a symmetric 2 − (16, 6, 2) design, which corresponds to the block-set E we started with. Now if we fix a block B of B 6 , this further splits the set B 4 of 4-sets into 15 sets that are disjoint from it, (i.e., M), and 45 sets that intersect B in two points, in correspondence with EM. So we can think of each block of W 22 as sitting in the centre of a configuration of 16 copies of RP 
Further Constructions
It would be of interest to know if there is a general "algorithm" to construct minimal, or even smaller-than-known triangulations of real projective spaces. Our first construction of triangulated RP 4 , though short and straightforward, has some exceptional properties which may well be the results of numerical coincidences, and do not offer much hope of analogous constructions in higher dimensions. We provide two more ways of constructing a 16-vertex RP 4 which are easier to generalise.
Remark. It must be borne in mind here that even though our choice of notation in the following constructions represents the vertices of n-dimensional complexes as points in R n , the objects we construct are purely abstract simplicial complexes, which we do not need to view as embedded in R N for any N . Indeed, they most definitely do not embed in R n . Our choice of notation is motivated by ease of handling and conceptual visualization.
3.1. Constructions using cross-polytopes and hypercubes. We explore the possibility of constructing triangulated real projective n-space, RP n in the following way. Take an n-dimensional cross-polytope and triangulate its interior, possibly by adding an extra point 0. Say we denote the vertices of the cross-polytope C n by the vectors ±e i ∈ R n , where e i is the i th elementary vector, 1 ≤ i ≤ n. Then we add 2 n simplices of the form [ε 1 e 1 , ε 2 e 2 , . . . , ε n e n , n i=1 ε i e i ], where ε = (ε 1 , ε 2 , . . . , ε n ) ∈ {±1} n . Call the new vertex set V . We have V = C ⊔ Q, where C is the vertex set of the triangulated C n and Q = {q ε |ε ∈ {±1} n } = { n i=1 ε i e i |ε i = ±1, 1 ≤ i ≤ n}. Now we consider subsimplices of ∂C n going down in dimension, and triangulate the links of each without adding any more vertices. Our goal is to end up with the boundary of the link of a vertex in C as a triangulated 2 n−1 -vertex n − 2-sphere. We do this subject to the following conditions. First, for every facet Figure 4 . RP 2 triangulated with squares in the complex, its "opposite" facet
] is also in the complex. Second, no vertex q ε in Q is joined to its "opposite" vertex q −ε = −q ε . In other words [q ε , q −ε ] is not an edge of the complex. Third, if a vertex u ∈ V is joined to another vertex v ∈ V , i.e, if [u, v] is an edge of the complex, then [u, −v] is not an edge of the complex. These conditions, equivalent to the existence of an involution acting properly on the complex, allow us to apply the identification map q ε ∼ q −ε on Q, leaving us with 2n suspended S n−2 . We then triangulate the interior of these 2 n−1 + 2-vertex n − 1-spheres, to get a triangulation of RP n .
Example 1. It is easily seen that the paradigm outlined above can be used to construct RP 2 6 as follows. See Figure 4 . We triangulate the square with vertices ±e 1 , ±e 2 by joining +e 1 Example 2. In order to construct RP 3 by the same approach, start with the octahedron C 3 spanned by the points ±e i , where i = 1, 2, 3. We can triangulate the interior of the octahedron by taking the cone over its boundary at the point 0. This gives us eight tetrahedra of the form
The boundary of the octahedron consists of the eight triangles of the form [ε 1 e 1 , ε 2 e 2 , ε 3 e 3 ], where ε i = ±1 for i = 1, 2, 3. Now add a set Q of eight new "outer" vertices q ε = ε 1 e 1 + ε 2 e 2 + ε 3 e 3 for each ε = (ε 1 , ε 2 , ε 3 ) ∈ {±1}
3 , by taking the eight tetrahedra of the form [ε 1 e 1 , ε 2 e 2 , ε 3 e 3 , ε 1 e 1 + ε 2 e 2 + ε 3 e 3 ].
The boundary of this complex is a triangulated S 2 with f -vector [14, 36, 24]. Now consider the link of an edge of C 3 . The link of [ε i e i , ε j e j ] is the path [ε i e i +ε j e j −e k , −e k ], [−e k , 0], [0, e k ], [e k , ε i e i +ε j e j +e k ], where {i, j, k} = {1, 2, 3}. Its boundary consists of the two points ε i e i + ε j e j ± e k . Close the boundary of [ε i e i , ε j e j ] by adding the tetrahedron [ε i e i , ε j e j , ε i e i + ε j e j − e k , ε i e i + ε j e j + e k ].
This gives twelve new tetrahedra, and the boundary of the new complex is still a triangulated S 2 with fourteen vertices. But the boundary of the link of a vertex ε i e i of C 3 is now the boundary of a square, whose vertices are all its neighbours in Q. See Figure 5 for an illustration of the neighbourhood of ε i e i . Also note that the subcomplex spanned by Q is the set of edges of the 3-dimensional cube Q 3 . We can now identify 3 i=1 ε i e i with the point − 3 i=1 ε i e i , and close the boundary of the link of ε i e i by taking its cone at the point −ε i e i . That is, for each pair ±e i , we take the four tetrahedra [ε i e i , −ε i e i , ±e j + e k + ε i e i , e j + e k + ε i e i ]
The link of the vertex ε i e i is now the triangulated 8-vertex S 2 with facets
The above complex is an 11-vertex triangulation of RP 3 . This complex is the same as the minimal RP 3 11 described by Walkup in [11] , as the antipodal quotient of a 22-vertex S 3 .
We now tackle RP 4 .
Construction 2.
We start with a 4-dimensional (solid) hyperoctahedron C 4 , given by the convex hull of {±e 1 , ±e 2 , ±e 3 , ±e 4 }. We triangulate C 4 by joining the vertices +e 1 and −e 1 . The resulting complex is a set of eight 4-simplices which can be visualized as the join of the line segment [−e 1 , +e 1 ] with the boundary of the octahedron spanned by {±e 2 , ±e 3 , ±e 4 }.
The boundary of this triangulated C 4 is just the boundary ∂C 4 of C 4 , which is a triangulated 3-sphere with f -vector [8, 24, 32, 16 ]. Now we take the cone over each of the 16 facets of this boundary with a different point. That is, for each facet [ε 1 e 1 , ε 2 e 2 , ε 3 e 3 , ε 4 e 4 ] of ∂C 4 , take the cone over this facet at the point q ε = 4 i=1 ε i e i , where ε = (ε 1 , ε 2 , ε 3 , ε 4 ) ∈ {±1} 4 . This gives sixteen such 4-simplices, and the boundary now has 24 vertices, 16 × 4 + 24 = 88 edges, 16 × 4 2 + 32 = 128 triangles and 16 × 4 = 64 tetrahedra. Denote this triangulation of S 3 by X (1) .
e l −e l e k −e k εiei + εjej + e k + e l εiei + εjej + e k − e l εiei + εjej − e k + e l εiei + εjej − e k − e l Figure 6 . Antiprism in the link of [ε i e i , ε j e j ] in X (2) Now consider the link of each triangle [ε i e i , ε j e j , ε k e k ] of ∂C 4 in X (1) . These are of two kinds. If 1 / ∈ {i, j, k}, then the link of [ε i e i , ε j e j , ε k e k ] is
Now suppose 1 ∈ {i, j, k}, then the link of the triangle is
where l is the coordinate in {1, 2, 3, 4} \ {i, j, k}. In either case the endpoints of the link of the triangle are the two points q ε +l and q ε −l corresponding to the two tetrahedra containing it in C 4 . We can now close the links of the triangle [ε i e i , ε j e j , ε k e k ] by adding the 4-simplices [ε i e i , ε j e j , ε k e k , i,j,k
where {i, j, k, l} = {1, 2, 3, 4}. We have added 32 such 4-simplices, and the boundary of the new complex is a triangulated S 3 with 24 vertices, 88 + 32 = 120 edges, 128 − 32 + (32 × 3) = 196 triangles, and 64 + 32 = 96 tetrahedra. Call the boundary X (2) . Observe now that the subcomplex spanned by the subset of vertices Q = {q ε |ε ∈ {±1} 4 } is the 1-skeleton of a 4-dimensional hypercube, which is the dual of C 4 . Now consider the links of the edges of C 4 . The link of the edge [ε i e i , ε j e j ], when 1 / ∈ {i, j} has eight vertices, namely ±e k , ±e 1 , ε i e i + ε j e j ± e k ± e 1 , where {i, j, k} = {2, 3, 4}. These vertices can be seen as forming the corners of a 4-sided antiprism whose opposite squares are (+e 1 , +e k , −e 1 , −e k ) and (ε i e i + ε j e j + e k + e 1 , ε i e i + ε j e j + e k − e 1 , ε i e i + ε j e j − e k − e 1 , ε i e i + ε j e j − e k + e 1 ). All edges and triangles of this antiprism are faces of X (2) . The (cyclically ordered) square (+e 1 , +e k , −e 1 , −e k ) is triangulated by the edge [e 1 , −e 1 ], and no triangle with vertices from the the other square is a face of X (2) . The link of the edge [ε 1 e 1 , ε j e j ] is almost the same, with the only difference being that the square (+e k , +e l , −e k , −e l ) is triangulated by taking the cone of its boundary at −ε 1 e 1 . See Figure 6 .
In either case, the boundary of the link of the edge [ε i e i , ε j e j ] is the boundary of the square (ε i e i + ε j e j + e k + e l , ε i e i + ε j e j + e k − e l , ε i e i + ε j e j − e k − e l , ε i e i + ε j e j − e k + e l ).
We triangulate each of these squares by joining one pair of non-adjacent vertices by a diagonal. Prima facie, we seem to have some amount of choice in this situation.
The link of each of the 24 triangles in SQ 3 is now a path of length 3 with endpoints from the vertices of Q 3 . Moreover, if the triangle T is obtained by joining an edge E of Q 3 with a point in (0, 0, 0, ±1), with v ∈ E such that the product of the first three co-ordinates is −1, then the endpoints of the link of T are the neighbours of v in the square in Q 3 containing v but not E. For the next set of 4-simplices, join the endpoints of the link of each triangle is SQ 3 by an edge. For example, the triangle [ (1, 1, −1, 0), (1, −1, −1, 0), (0, 0, 0, −1) ] is joined to the edge [ (1, 1, 1, 0), (−1, 1, −1, 0) ]. So for each choice of {(0, 0, 0, ±1)} and each of the four vertices v = (ε 1 , ε 2 , ε 3 , 0) of Q 3 such that ε 1 ε 2 ε 3 = −1, we have a simplex whose vertices are v, its three neighbours in Q 3 , and one of (0, 0, 0, ±1). This gives eight more simplices. The link of every triangle in SQ 3 is now a circle. In constructing the previous two sets of simplices, we added one diagonal to each square face of gives one simplex each, so we get twelve new simplices. Also, in our last but one set of simplices, we introduced four new triangles, each consisting of three vertices of Q 3 , such that the first three coordinates of each have product 1. The link of each such triangle consists of two edges, where the common neighbour of the three vertices is joined to each of (0, 0, 0, ±1). So we have four triangles forming the boundary of a tetrahedron, the boundaries of the links of each being the vertices (0, 0, 0, ±1). We add two new simplices, by taking the tetrahedron consisting of these four vertices of Q 3 and joining it to each of the points (0, 0, 0, ±1).
So now the links of all triangles with vertices from SQ 3 are circles. We consider the links of edges in SQ 3 . The link of an edge of the form [(ε 1 , ε 2 , ε 3 , 0), (0, 0, 0, ε)], where ε 1 ε 2 ε 3 = −1, is an octahedron. One of the faces of this octahedron consists of the three neighbours of (ε 1 , ε 2 , ε 3 , 0) in Q 3 and its opposite face in this octahedron is the triangle corresponding to the chosen edge in D.
The link of an edge of the form [(ε 1 , ε 2 , ε 3 , 0), (0, 0, 0, ε)], where ε 1 ε 2 ε 3 = 1, is a 9-vertex S 2 with six vertices from Q 3 and the remaining three vertices from its corresponding triangle in D.
The boundary of the link of an edge in Q 3 is the boundary of its corresponding square in D.
Note that the boundary of this complex is now a triangulated 
Similarities, differences, and concluding remarks
The starting objects of our two latter constructions, such as the hyperoctahedron, the 4-cube, the suspended cube, and octahedral prism suggest that automorphism groups of the triangulations we constructed are very close to C 2 × S 4 . In fact the simplices we add in each step of each construction are typically orbits under this group. But on explicit computation, the automorphism groups of both complexes turn out to be isomorphic to S 6 , acting on 10 + 6 vertices.
In Construction 2, the vertex-orbit of S 6 of size 6 consists of the two points of the hyperoctahedron C 4 used to triangulate it internally, (namely ±e 1 ), and the vertices of Q e .
In Construction 3, the smaller S 6 orbit consists of the two suspension points (0, 0, 0, ±1), and the four vertices of the cube the product of whose first three coordinates is −1.
One construction starts with a suspended octahedron (hyperoctahedron) on the inside and a cubical prism (hypercube) on the outside of our 4-dimensional ball. The other starts with a suspended cube on the inside and an octahedral prism on the outside. This gives us a way of visualizing either construction as the other one "turned inside-out".
Also recall that the C 2 ×S 4 is the stabilizer of a 2-subset in S 6 . If we consider any pair of elements of the orbit O 6 of size 6 in either construction, we find that the link of the edge joining them is an octahedron consisting of six points of the longer orbit O 10 , and that the intersection of their links is a solid cube triangulated with five tetrahedra, where the vertices of the inner tetrahedron are the remaining vertices of O 10 and the other four vertices are the remaining vertices of O 6 . This also gives a correspondence with the vertex set of the triangulated RP 4 of Construction 1, which induces simplicial isomorphisms between all three complexes. This gives weight to our belief that the following is true. Their close connection not withstanding, Constructions 2 and 3 offer different perspectives on how to construct triangulations of RP n for other values of n. The boundaries of the very final 4-balls we construct before applying the antipodal map are antipodal 3-spheres. In the first case, the 3-sphere has 24 vertices, and the quotient only gives a 12-vertex RP 3 , whereas in the second construction, we get the same 3-sphere constructed by Walkup as the double cover of his RP 
Conjecture. [6] RP

